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How Does Heat Dissipate?

Introduction

OBJECTIVE: Observe the physical interpretations of the contour and level curve plots and
see an application of the Fourier Series.

Do you want to see physical interpretations of the contours and level curves you have been
drawing? This exploration of the heat equation will enable you to do so. The heat equation is
a partial differential equation and its solution employs the Fourier series in a meaningful way.
Note: Part II requires knowledge of the Fourier series.

= Technology Guidelines

NOTE: If you have just finished a module, restart Mathematica or close the Kernel before
executing a new module.
TO OPEN CELLS, put your cursor on the right cell bracket and double click.
TO STOP AN EXECUTION
Select the Kernel pull-down menu and click on Abort Evaluation.
ORDER OF EXECUTION
Execute cells in the order given. Do not skip any Input cells within a given notebook.
SAVING NOTEBOOKS
You can save anytime to any directory you choose, and it is wise to save often.
However, before you do your final save, it is a good idea to delete all your output by
selecting the
Delete All Output selection under the Kernel pull-down menu.
EXPERIENCING MAJOR PROBLEMS
Save if appropriate, then shut down Mathematica and start it up again.

Background

1

ot
w. , where w(x,) represents the temperature at position x at time ¢ in a thin rod of length L with
perfectly insulated sides. The value of the positive constant =* is determined by the material
from which the rod is made.

The following problems represent solutions to the partial differential heat equation: 1w, =
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Part 1: Fixed End Temperatures

We first examine a very simple solution to the problem where we assume that the ends of the
rod are immersed in ice and are maintained at a temperature of @" C. If the rod is of length 4,
the 0 degrees at both ends is represented by the boundary conditions w(0,t) = w(4,t) = 0.
Assume also that the initial temperature distribution within the rod is given by w(x,0) = sin

27X.

We first show that w(x,t) = &~

2

*sin(27 x) is a solution to the differential equation with these

boundary and initial conditions. Also determine the value of the constant ¢ for this problem.

In[1]:=
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Dff[General: :spell]
0ff[General: :spelll]
wlx ,t 1:=E”"sin[2x]

Print ["The temperature at the left end of tl
wio, t]]

Print["The temperature at the right end of t
wid, t]1]

Print["The initial temperature distribution
wix, 0]1]

Print [
"The second derivative of the temperature 1

to position i= ", wox = D[w[x, t], {x, 2}]

Print[
"The first derivative of the temperature wi
to time is ", wbt =D[w[x, ], {t. 1}1]

Print["c = ", c, " or ", H[c]]
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If[wex==1/c wt,
Print[w[x, t], " satisfies the differential
Print["The equation i= not =satisfied." ]]

The temperature at
the left end of the rod iz 0

The tCemnperature at
the right end of the rod iz 0

The initial temperature distribution iz

Sin[2 mx]

The zecond deriwvatiwve of the temperature
with respect to pogition i=

—de* alsin[z x)

The first deriwvative of the temperature

i

Wwith respect to time iz -3 & Jin[2 =]

3
C = "\"'_ or 0.275664
2

e sin[2 mx]

zatizfies the differential edquation.

Plot the temperature function at various positions along the rod as a function of time.

In[12]:=

xlevelplots =
Plot[ {w[0, t], w[.8, t], w[1l.6, t], w[2.4, Lt
w4, £}, {t. 0, 1},

PlotStyle - {RGBColor[1, 0, 0], RGBColor[1,
BREBColor[0, 1, 0], RGBColor[0, 1, 1], RGB(
BGEColor([0, O, 1]}, AxesLahel - {t, "w"},

PlotLabel -- "X-Level Plots"] ;
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" X-Lewel Plots=

-0_ES

-o.ns

Interpret these plots. What is happening to the temperature along different parts of the rod?

Plot the temperature function at various times as a function of the position on the rod.

In[13]:=
tlevelplots =
Plot[{w[x, 0], wlx, .2], wlx, .4], w[x, .6],
wlx, 11}, {x, 0, %},
PlotStyle -- {RGHColor([1, 0, 0], RGEBColor [0,
RGBColor[0, 1, 0], RGBColor([0, 1, 1], BGHC
RGBColor[0, 0, 1]}, PlotRange -- 11, foe:
PlotLabel -= "T-Lewvel Plots"] :
ks T-Lawel FPlaots=
1
0.5

)

| | ] ] ;
=4 T ==, ="
-1

Interpret the results. What is happening to the temperature function as time goes on?

Plot the contours for the temperature function and the temperature function as a surface.
In[14]:=

ContouwrPlot[wx, £], {x, 0, 4}, {t, 0, 1}, Flot
fores -= True, hxesLabel - {x, t1}];
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PlotiD[w[x, t], fx, 0, 4}, {t, 0, 1}, PlotPoint
hxesLabel -= {x, t, "w"}];

What is happening as t—oo ? Is this what you would expect? Why?

You Try It: Part I-Insulated Ends

We will next examine a very simple solution to the problem in which it is assumed that the
ends of the rod are insulated so that no heat can escape. If the rod is of length 4, this is
represented by the boundary conditions w. (0,t) = w.(4,t) =
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Why? Can you explain this in your own words?

Assume also that the initial temperature distribution within the rod is given by w(x,0) = cos
{27 X).

First show that w(x,t)= & “cos(2r x} is a solution to the differential equation with these
boundary and initial conditions. Also identify the constant c.

K]

First define the function.
In[16]:=

Clear[x, t, w]
wlx ,t ]:=Exp[-3t] Cos[2mx]

Compute the derivatives and the constant c.
In[18]:=

Print [
"The second derivative of the temperature 1

to position i=s ", wox = D[w[x, t], {x, 2}]

Print["
The first derivative of the temperat
respect to time iz ", wt =D[w[x, t], {t, 1

Print["c = ", c, " or ", H[c]]

The zsecond derivatiwve of the temperature
with respect to pozition is=

_de™ At Cos[2mx]

The first derivative of the temperature

-

with respect to time is -3 e Cos[2mx]

A3
C = —— or 0.275664
2m
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Verify that the function satisfies the partial differential equation and the initial and boundary
conditions.

In[22]:=

Plot the temperature function at various positions along the rod as a function of time.

In[26]:=

http://media.pearsoncmg.com/aw/aw_thomas_calculus_11/modules/mathematica_html/Ch...

Print[
"The change in temperature at the left end
Dw[x,t], x] /. x-=10]

Print[
"The change in temperature at the right end
Dwx,t], x]/f. x-=-4]

Print["The initial temperature distribution
wix, 0]1]

Tf[weox==1/c" wt,
Print[w[x, t], " =atisfies the differential
Print["The egquation is not satisfied."]]

The change in temperature
at the left end of the rod iz 0

The change in temperature
at the right end of the rod iz 0

The initial temperature distribution iz

Cos[Zmx]

e Cas[2 mx]

satisfies the differential equation.
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xlevelplots =
Plot[ {w[O0, t], w[.8, t], w[1.6, t], w[2.4, L
wld, t]1}, {t,. 0, 1},
PlotStyle -- {RGHColor([1, 0, 0], RGEColor[1,
RGBColor[0, 1, 0], BGBColor[0, 1, 1], BGH(
RGEColor[0, 0, 1]}, AxesLabel - {t, "w"},
PlotLabel -- "X-Lewvel PFlots"] :
w ¥-Lewel Flots
1
0.75
0.5
0.z5
0.z 0.3 0§ U 1 b
-0.25
-0.5
-0.78
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Interpret these plots. What is happening to the temperature along different parts of the rod?

Plot the temperature function at various times as a function of the position on the rod.

In[27]:=
tlevelplots =
Plot[{w[x, 0], wlx, .2], wix, .4], w[x, .61,
wix, 11}, {x, 0, 4},
PlotStyle - {RGBColor[1, 0, 0], RGBColor [0,
RGEColor[0, 1, 0], RGBColor[0, 1, 1], BGHC(
RGHColor([0, O, 1]}, PlotRange -- All, fxe:
PlotLabel -= "T-Lewel Plots"] ;
ks T-Lawel Plots=
1
0.5
- : | - ' J F
L z 2 | oa
-0.5
-1
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Interpret the results. What is happening to the temperature function as time goes on?

Plot the contours for the temperature function and the temperature function as a surface.
In[28]:=

ContouwrPlot[wx, £], {x, 0, 4}, {t, 0, 1}, Flot
fores -= True, hxesLabel - {x, t1}];

Plot3D[w[x, t], {x, 0, 4}, {t, 0, 1}, PlotPoint
hxesLabel —= {"x", "t", "w"1]:

P
SRt
b S
T T e
‘@!&mﬁ@ R s

Wy
S
44

What is happening as t—oo ? Is this what you would expect? Why?
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How does this differ from the temperature function in the rod with fixed ends?

Part ll: Insulated Ends and Use of the Fourier Series
(demonstration only)

If you have not learned the Fourier series at the end of Chapter 8 of your text, you
should not do this part of the module.

Suppose that the rod of length 4 has insulated ends, that is, w. (0,t) = w.(4,t) = 0. Assume a
discontinuous initial temperature distribution that is - 12 for the left 1/4 of the rod and O
elsewhere. This discontinuous initial temperature function necessitates the use of the Fourier
series in order to get a continuous approximation to this discontinuous initial state.

First, we determine the Fourier Series corresponding to the initial temperature state for the
rod.

In[30]:=

a[n J:=a[n] =1/f2TIntegrate[12Cos[nPixs 4],
Print["The Fourier cosine series out to n =
fourcoz[x , 30] = af0] f2 +5um[a[j] Cos[] Pi:
H]
Plot[fourcos[x, 30], {x, 0, 4}]:
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The

Fourier cosine series out to n = 30 is

3.+ 5.4019 Cos([0.735393 x] +

o o o o o o o0 o oo oo o0 oo o0 o0 o0+ F W

L8192 Cos[l. 5708 =] +

LG0063 Cos[2.35619 %] -
L08038 Cos[3.92899 %] -
L2Y324 Cos[4. 71239 %] -
LTILT Cos[5.49779x] +

LB00211 Cas[7.065858 %] +
76384 Cos[7.35398 K] +
LA91052 Cos[5.63938 %] -
415531 Cos[10. 2102 %] -
545674 Cos[10.9956 K] -
L360127 Cos[1l.781x] +
L31TTES Cos[13.3518 %] +
LA2441353 Cos[14. 1372 ] +
.258431 Cos[1l4. 9226 %] -
L2572353 Cos[1l6. 493534 =] -
347247 Cos[17. 2788 %] -
234865 Cos[15. 0642 %] +
L21le076 Cos[l2.635x] +
293325 Cos[20. 4204 %] +
20007 Cos[21. 2058 =] -
1586272 Cos[228. 7765 K] -
2546458 Cos[23. 5619 %]

The solution to the heat equation can now be wiitter as

-

a_[EI:I + zafn]e_[¥]jt'3cus[¥ ]

2

n=1

We will write write it out ton = 30,

In[33]:=

Page 11 of 14
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Clear [w]

wlx .t ]=

a[0]/2 +Sum[a[j]1 Exp[-¢(jPi/4) "2 « t]Cos[j

{1.1,30}] //H
Out[34]=

J.+ 5.4012 2. 7182

LO58035 2.71328

317759 2, 71628
. 424413 2,718z ~"*
. 28431 2. 7182570
.257233 2. 718z
. 347247 z. 718257
234865 2, 718287
.Z16076 2. 718287°0°
. 293825 2. 71825~ 4F

o o o o o o oo o oo o oo oo o o0OFRKF B W

Plot the temperature function at various positions along the rod as a function of time.

In[35]:=

¥levelplots =

=154l ¢

Bite

-0 BlEES &
g

LRI

L02le

R112

L2ld e

L52le

J9ale

415531 2. 71528 " I poa 10,

L5574 2. 718258 1 M  ppa 10,

.360127 2. 71828 T pga 11,
ATE L ET e

Coz[0.7853968x] +
81972 2. 71828 ¥ caa 1. 57058 ] +
LB0063 2.71828 7 P F pos[2. 35619 %] -
Cos[3.92699%] -
L273242, 718287 B T paa g 71230 ) -
L7717 2.71828 7 R S paa [ 5. 49770 1] +
600211 2. 71528~ ¥ pos[7. 06558 1] +
L763044 2. 71828 P P T poa 17 88308 w] +
L491052 2. 71828 5  poa 5. 63938 1] -

2102 %] -
9956 %] -
781 K] +

Cos[l3.3518x%] +

Cos[l4.1372x] +

Cos[l4.9226x%] -
Cos[l6.
Cos[17.
Cos[ls5.
Co=[19.
Cos[20.
20007 2. 71525 B poa 21, 2058 1) -
.lag272 2.71828 1 T ppa a0 7765 %] -
. 254643 2. 71828 1 ® Cos[23. 5619 1]

4934 %] -
2768 %] -
0642 %] +
635%] +
4z04x%] +

Plot[ {w[o0, t], w[.&, t]1, w[1l.6, t], w[2.4, t
w[d, £}, {t,. 0, 5},
PlotStyle - {RGBColor[1, 0, 0], RGEColor[1,
BGEColor[0, 1, 0], RBColor[0, 1, 1], BRGE(
BREBColor[0, O, 1]}, AxesLahel - {t, "w"},
PlotLabel - "X-Level PFlot=s"] :
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s X-Lewel Plot=

Interpret these plots. What is happening to the temperature along different parts of the rod?

Plot the temperature function at various times as a function of the position on the
rod. Interpret the results.

In[36]:=
tlevelplots =
Plot [{w[x, 01, wlx, .3], wlx, 6], wlx, 1], w|
{x. 0, 4},
PlotStyle - {RGBColor[1, 0, 0], RGBColor[1,
RGEColor[0, 1, 0], RGBColor[D, 1, 1], BGB(
RGHColor[0, O, 1]}, PlotRange -- All, Axe:
PlotLabel -- "T-Lewel Plots"] :
R T-Lewel Flots

1z

n

]

A A N P

lll.l'ruvuzu 2 __4

Interpret the results. What is happening to the temperature function as time goes on?

Plot the contours for the temperature function and the temperature function as a surface.

In[37]:=
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ContourPlot[wx, t], fx, 0, 4}, {t, 0, 5}, hxes

RxesLabel -- {x, £t1];

PlotiD[w[x, t], {x, 0, 4}, {t, 0, 5}, AxesLabel

What is happening as t—oo ? Is this what you would expect? Why?

Created by Mathematica (April 2, 2005)
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