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First-Order Differential
Equations and Slope Fields

Introduction

OBJECTIVE: Visualize the slope fields and solution curves for selected first-order
differential equations.

This module contains a special command that plots slope fields and selected solution curves
for first-order differential equations. You can use it to obtain solutions for related problems in
the text. In addition, you can use the slope field command to study a wide variety of first-
order differential equations and to analyze the long-term behavior of solutions.

= Technology Guidelines

NOTE: If you have just finished a module, restart Mathematica or close the Kernel before
executing a new module.
TO OPEN CELLS, put your cursor on the right cell bracket and double click.

INITIALIZATION CELLS

When asked if you want to ". . . automatically evaluate all the initialization cells in
the notebook .. .," respond by pressing the "Yes" button.
TO STOP AN EXECUTION

Select the Kernel pull-down menu and click on Abort Evaluation.
ORDER OF EXECUTION

Execute cells in the order given. Do not skip any Input cells within a given notebook.
SAVING NOTEBOOKS

You can save anytime to any directory you choose, and it is wise to save often.

However, before you do your final save, delete all your output by selecting the

Delete All Output selection under the Kernel pull-down menu.
EXPERIENCING MAJOR PROBLEMS

Save if appropriate, then shut down Mathematica and start it up again.

Part | - Drawing Slope Fields and Solution Curves
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The slopefield[f , x_, y_, xmin_, xmax_, ymin_, ymax_, initconditions_(optional)]

command in the next cell generates a slope field and draws selected solution curves for first-
d

order differential equations of the form d—}; =f(x,y). The arguments of the command are f (the

right-hand side function), f(x,y), x (the independent variable), y (the unknown function),
xmin, xmax, ymin, and ymax (the bounds on the slope field), and initconditions (an optional
list of initial conditions). If the list of conditions is not included, only the slope field is drawn.

a b
Here's how it works for the differential equation d—}; =7 - First, we plot only the slope field.
In[7]:=
Clear[x, ¥, £]
X
f= —
¥
slopefield[f, x, ¥, -4, 4, -4, 4]:
Out[8]=
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Now we include a list of initial conditions to obtain some solution curves. Each of the four

http://media.pearsoncmg.com/aw/aw_thomas_calculus_11/modules/mathematica_html/Ch... 8/19/2011



index.html Page 3 of 21

initial conditions will usually give a different solution curve.

In[10]:=

glopefield[f, x, ¥, -4, 4, -2, 4,
{¥[0]--2, ¥[1]--1, ¥[1] == -1, ¥[0] == -2}]:
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There is a good likelihood that you will get error messages for some initial conditions. For
example, the solution curve that passes through the point (1,1/2) cannot be expressed as a
function when y is a function of x. Here's what happens.

In[11]:=

slopefield[x/y, x. ¥, -4, 4, -4, 3, {¥[1] =21/

HO3olwe: nd=g
&t sloc == O_GGG0EZ55Z6TOTTSLS", step
zige i effectiwvely mero; singulacity

or stiff swystem suspected. More..

Interpol atingPanction: @ dmwal
Input walue {-23.} lies outside the range
of data in the interpolating function.

Extrapeol ation will be use=d. More..
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InterpolatingPunction: : dwwal
Input walus {-2_675d46} lies cut=ide
the range of data in the interpolating

function. Extrapelation will be u=ed. More.

Interpol atingPunction: : dwwal
Input walue {-3_2Z153} lies outb=side
the ranges of data in the interpeolating

function. Extrapelation will be used. More.

Feneral : :=top : Parther output of
Interpol atingPanction: : dmral will be

suppressed during this calculatien. More.
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When this happens, it is probably better to hand sketch some representative solution curves on
the slope field.

You Try It: Part |

a
It's fun! Make up some of your own differential equations of the form d—}; =f(x,y), and see

what kind of patterns you can generate. Can you form a differential equation that will give
solution curves that are ellipses? hyperbolas? Just try it by changing the function of x and y in
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red.
In[12]:=
Clear([x, ¥, £]
X
f= —
Y
slopefield[f, x, ¥, -4, 4, -4, 4]:
Out[13]=
X
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Part ll: Antiderivatives
el

If we consider differential equations of the form =f(x), then the solutions for y as a

dx
function of x are simply the antiderivatives of f(x); that is, y=/f(x)dx. Let's look at some slope

fields and solution curves for differential equations of this kind.

ey
First we consider — =x.
dx
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In[15]:=

Clear[f, x, ¥]
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Notice that the slopes in the field above are constant along any vertical line. This shows
graphically that the derivative of y with respect to x is not a function of y, as reflected in the

. . . ay . . .
differential equation - =X Along any horizontal line, however, the slopes vary with x, and

. . . . . . . . dy
the pattern shown in the slope field above is consistent with the differential equation - =

The slopes are negative when x is negative, positive when x is positive, and zero when x is
Zero.

. odic function. & =
Let's try a periodic function, 2y —CO0S X.

In[18]:=

f = Cos[x]:
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slopefield[f, x, ¥, -P1, P1i, -Pi, Pi,
{¥[0]-=- -2, ¥[0] -0, ¥[0]-- 2}]¢
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You Try It: Part i

a
Use the slope field command to study some antiderivative problems of the form d—}; =f(x)

where you pick the function f(x) (in red) and the initial conditions (in red). Don't forget to use
the double-equals (==) if you add initial conditions.

In[20]:=

Clear([x, ¥, £]

f=Exp[x]:
glopefield[f, x, ¥, -4, 4, -4, 4,
{¥[0] == -3, ¥[0] ==0, ¥[0] == 2}]:
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Part lll: Autonomous Differential Equations

a
Differential equations of the form d—}; = f(y) are called autonomous differential equations.

. . . ay e . ..
Let's look at the autonomous differential equation — =) Despite its simplicity, this is surely

the most famous of all first-order, autonomous differential equations. Let's draw the slope
field and some solution curves.

In[22]:=

Clear[f, x, ¥]
=1y

slopefield[f, x, ¥, -3, 3, -8, &, {¥[0] ==-2, ¥
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d
Note that in the slope fields for d—i =y, the slopes are constant along any horizontal line and
vary linearly along any vertical line. This is the reverse of what we observed for the

cy . ay
antiderivative problem of the form - =X

The logistic equation is another interesting autonomous first-order differential equation. Let's

dar
draw a slope field and some solution curves for a specific one, say 3t =P(1-P). The

slopefield command will generate some error messages because two of the solution curves go
off to infinity and have vertical asymptotes. However, the solution curves as drawn are okay.

In[25]:=

Clear[f, t, P]
f=P{1-P);

slopefield[f, t, P, -5, 5, -1, 2,
{P[0] == —-0.005, P[0] =-0., P[0] == 0.25, P[0] =:
P[0]:= 0.75, P[0] == 1.0, P[0] == 1. 005}];
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The long-term behavior of the solution to the logistic equation depends upon the initial

condition. The slope field graph shown above suggests the following: 1% P(t)=-o0 when P(0)

<0; P(t)=0 for all values of # when P(0)=0; and, 11 P(t)=1 when P(0)>0.

e

You Try It: Part lli

The logistic equation has another interesting autonomous form. Let's draw a slope field and
some solution curves for

arp
— =-P(1-P)2-P).

The slopefield command will generate some error messages. See if you can determine why
this is so after you see the plot. The solution curves are drawn okay.

In[28]:=

Clear[f, t, P]

f=-0.1+PF({1-F) (2-P):
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slopefield[f, t, P, -5, 20, -2, 5,
{P[0] == -0.25, P[0] == -0.005, P[0] :- .3, P[0]
P[0]:=-0.5, P[0]:=-1.3, P[0] == 1.7, P[0] == 2.

HDOSolwe: :nds=ss

At xloc == -2_47596, =tep =ime

iz affectivelsr
=zingul arity or stiff

mera;

system suspected. More.

Interpol atingPuanction: : dmwal

Input walue {-5.} lies outside the range

of data in the interpelatring function.

Extrapelation will be used. More..

InterpolatingPunction: : dwwal

Input walus {-34_50632} lies cut=ide

the range of data in the interpolating

function. Extrapelation will be u=ed. More.

Interpol atingPanction: : dwwal

Input waluns -3 _T632353} lies cub=ide
the range of data in the interpolating
function. Extrapelation will be used. More=.

Feneral : :=top : Parther output of

Interpol atingPanction: : dmral will be

suppressed during this calculatien. More.
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Some solutions approach 2 and some approach 0. What is the dividing line between these sets
of solutions? What has caused this to happen?

Look up the concepts of a threshold population size and a carrying capacity. See how those
concepts apply here.

You Try It: General

a
Consider some nonautonomous differential equations of the form d—}; =f(X,y). In this section
we will start with the slopefield[ ] command to plot the slope fields, and we will ask you to
sketch some representative solution curves. Here are a few examples. See if you can predict
what the solution curves will look like by looking at the direction fields. Describe the long-

term behavior of the solutions for all possible initial values of y(0).

oy E
= Solve =7
In[31]:=
E=-xf¥;
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slopefield[f, x, ¥, -4, 4, -4, 4]:
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Change the terms in red to whatever you wish. Remember to use the double-equal sign if you
add more initial states. You can expect to get error messages with this. Why might you predict
that?

In[33]:=

slopefield[f, x, ¥, -4, 4, -4, 4, {¥[0] ==-1,3

HOEolwe: ind=s
&t wlec == -l., step sige is effectiwvely mero;

singularity or stiff system suspected. More..

HOEolwe: ind=s
2 xlec == 0.97FFFF52Z0L0T7035°, =tep
zige iz effectiwvely serc; =singularcity

aor stiff =y=tem suspected. More..

HOZolwe: ind=s
&t xloc == -2., =tep sime is effectiwvely merao;

zinqularity or =tiff =sy=tem suspected. More..
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Feneral : :=top
Paurther output of HDSolwe::nd=z will b=

=uppre=s=ed during this calculation. More..

Interpol atingPanction: : dmwal
Input walus {-94.} lis= out=ide the rangs
of data in the interpolating function.

Exitrapel ation will be used. Hore.

Interpol atingPunction: : dwwal
Input walue {-2_.67536} lies oub=side
the ranges of data in the interpeolating

function. Extrapelation will be used. More.

InterpolatingPunction: : dwwal
Input walus {-2_221532} lies cut=ide
the range of data in the interpolating

function. Extrapelation will be u=ed. More.

Feneral : :=top : Parther ocutput of
Interpol abingPanction: : dreral will be

=uppre=s=ed during this calculation. More..
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o)
. Solve X ..
o H
In[34]:=
£=-¥/x;

slopefield[f, x, ¥, -4, 4, -4, 4]:

L ) ! ! i | 1 i % b RN
A SV A A T
S A A A I R T T T N N N
A A L N
A A A A L T
VS Voot T e e e e
e e S L e e e e e
e S
2 % = 1 Lz & a4
e e T e B
T L T S A S
] [ P P e e
T T - T B A A
T L T [ A A S S A
S T T el O B A A
SNNNNANNN LSS
gl

Change the terms in red to whatever you wish. Remember to use the double-equal sign if you
add more initial states. You can expect to get error messages with this. Why might you predict
that? Why would you avoid initial conditions at x=0?

In[36]:=

slopefield[f, x, ¥, -4, 4, -4, 4, {¥[1] ==-1,3

HOBolwe: imst
Mas imam noamber of 10000 steps reached at the
point xloc == 1.1245514723151794°*"-17Z. More..
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HDZolwe: inust
Masx imam ramber of 10000 =step=s reached at
the point mloc == -2.90892 107578 More..

Interpol atingPuanction: : dmwal
Input walus {-4.} lies outside the ranges
of data in the interpolating fuanction.

Extrapolation will be n=zed. More.

Interpol atingPunction: :dprec
The precision of input walue {-3.}
andfer the interpeolation grid is

insufficient to compute the walue. More..

Interpol atingPanction: @ dmwal
Input walue {-23.} lies outside the range
of data in the interpolating function.

Extrapeol ation will be use=d. More..

InterpolatingPunction: :dprec
The precision of input walu= {-3.}
andfer the interpolation grid is

insufficiant to compute the walus. More.

Interpol atingPuanction: : dmwal
Input walue {-93.} lies outside the range
of data in the interpelatring function.

Extrapelation will be used. More..

Feneral : :stop @ Parther output of
Interpol aringlanction: : dirral will be

suppressed during this calculation. More..

InterpolatingPunction: :dprec
The precision of input walu= {-3.}
andfer the interpolation grid is

insufficiant to compute the walus. More.

Feneral : :=top : Parther ocutput of
Interpol abingPanction: :dprec will be

=uppre==ed during thi=s calculatisn. Maore.

Flot::plnc
Interpolat ingPunetion|{{1. 12455210717 g 11,
AR, {Ee.utc-rn.'l.tic}] [%¥l2c] i= not a machine-

=zige real number at xloc = -3_ . Maore.

Page 16 of 21
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Flot::plnc :
InterpolatingFunceion|{{1. 1245510717, 4 11,
A {Auto:ma.t:i.c}] [%«lec] iz not a machine-

=zize real number at xloc = -2_67536. More..

Flot::plnc :
InterpolatingFunceion|{{1. 1245510717, 4 11,
A {Auto:ma.t:i.c}] [%«lec] iz not a machine-

=zize real number at xloc = -2_2Z152. More..

Feneral::=stop
Paurther output of Plot: :plnr will be

=uppre=s=ed during this calculation. More..
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In[37]:=

f=xr¥:

slopefield[f, x, ¥, -4, 4, -4, 4]:
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Change the terms in red to whatever you wish. Remember to use the double-equal sign if you

add more initial states.

In[39]:

-1,3

slopefield[f, x, ¥y, -4, 4, -4, 4, {y[0]

8/19/2011
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In[40]:

slopefield[f, x, ¥, -4, 4, -4, 4]:

8/19/2011
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Change the terms in red to whatever you wish. Remember to use the double equal sign if you

add more initial states. Can you find a solution that is a straight line?

In[42]:

-1,3

slopefield[f, x, ¥y, -4, 4, -4, 4, {y[0]
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= Try More of Your Own

i
It's fun! Make up some of your own differential equations of the form d—}; =f(x,y), and see

what kind of patterns and solutions you can generate?

Created by Mathematica (August 9, 2005) %C ):P{THL
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