
Work in Conservative and 
Non-Conservative Force 
Fields  

Introduction  

OBJECTIVE:  Visualize and evaluate work integrals along different paths, and observe the 

effect of following different paths through conservative and non-conservative force fields.  

You will explore integration over vector fields and experiment with both conservative and 

non-conservative force functions along different paths. These explorations should help you 

understand line integrals, as well as better appreciate situations when the work done is 

independent of the path taken.  

� Technology Guidelines  

NOTE:  If you have just finished a module, restart Mathematica or close the Kernel before 

executing a new module. 

TO OPEN CELLS, put your cursor on the right cell bracket and double click. 

TO STOP AN EXECUTION 

    Select the Kernel pull-down menu and click on Abort Evaluation. 

ORDER OF EXECUTION 

    Execute cells in the order given. Do not skip any Input cells within a given notebook. 

SAVING NOTEBOOKS 

    You can save anytime to any directory you choose, and it is wise to save often. 

    However, before you do your final save, it is a good idea to delete all your output by 

selecting the  

     Delete All Output selection under the Kernel pull-down menu. 

EXPERIENCING MAJOR PROBLEMS 

    Save if appropriate, then shut down Mathematica and start it up again.  

Part I: Examples in Two Dimensions  

Page 1 of 32index.html

8/19/2011http://media.pearsoncmg.com/aw/aw_thomas_calculus_11/modules/mathematica_html/Ch...



� Conservative Force  

� Verifying That the Force Is Conservative  

Consider the following force defined by {-x Cos[2y], Sin[2y]}, and verify that it is 

conservative.  

In[1]:=  

 

 

 
 

 

 

 

 

 
 

 
 

 

 

Out[5]=  

 
 

Out[6]=  

 
 

 

 

">  

 

� Visualizing the Force Field and Different Paths  

To visualize the force field, you need to first load a graphing package.  
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In[8]:=  

 
 

The force field is plotted together with three paths between (0, 0) and (1, 1): y = x, ,and 

.  

In[9]:=  

 
 

 

 

 

 

� Writing Parametrizations and Computing Work Integrals  

Find the work done in traveling along the straight line y = x. Choose an appropriate 

parametrization. We write the position and velocity vector to assist in computing the work 

integral. Note that by setting x and y equal to particular functions of t, the force function will 

reflect that parametrization when it appears in the line integral.  

In[11]:=  
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Now find the work done in traveling along the lower curve y = . Choose an appropriate 

parametrization.  

In[18]:=  
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Now find the work done in traveling along the upper curve y = . As before, choose an 

appropriate parametrization.  

In[25]:=  

 

 

 

 

 

 

 

 

Was the work done along each path the same?  

In[32]:=  

 

 

Out[32]=  
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� Non-Conservative Force  

� Defining and Visualizing the Force Field  

Consider the a spinning force and verify that it is not conservative.  

In[33]:=  

 

 

 

 

 

 

 

 

 
 

 

 

 

 

Out[37]=  

 

 

Out[38]=  

 

 

Out[39]=  

 

 

You can see that for arbitrary values of x and y, this last equation will not be true. Therefore, 

by the definition provided in this Section of your text, the force is not conservative.  

There is no need to read in the following package if you have already done so.  

In[40]:=  
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You will get an error message here since the force field is not defined at (0, 0), but just 

proceed. For this function, the work integrals will be improper, but they can still be found. 

The error messages that might occur remind us how difficult integration can be. We will use 

the same paths as above.  

In[41]:=  

 
 

 

 

 

 

� Writing Parametrizations and Computing Work Integrals  

As you have learned from hand computation, line integrals can be difficult to evaluate. Even 

Mathematica has problems with some line integrals. When you experiment with your own 

force or path functions, sometimes you may have to use numerical integration (NIntegrate), 

and sometimes you may have to use symbolic integration (Integrate). You will also get error 

messages at times, warning you about problems associated with the convergence of the 

integration technique. In these cases, you will frequently, but not always, be given an answer 

that is reasonably accurate. 
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In this example, we have a problem at t=0, because the force function has a 0 denominator for 

the parametrizations given.  

Find the work done in traveling along the straight line y = x. Choose an appropriate 

parametrization. We write the position and velocity vector to assist in computing the work 

integral. Note that by setting x and y equal to particular functions of t, the force function will 

reflect that parametrization when it appears in the line integral.  

In[43]:=  

 
 

 
 

 
 

 
 

 

 

 
 

 

 

 

 

 

 

 

 

Could you have predicted this answer by looking at the graph?  

Now find the work done in traveling along the lower curve y = . Choose an appropriate 

parametrization.  

In[50]:=  
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The result is very different from our previous value. Now find the work done in traveling 

along the upper curve y = . As before, choose an appropriate parametrization.  

In[57]:=  
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What does it mean when our work done went from 0 on the first path to a positive number on 

the second path and now to a negative value? Could you have predicted that from the graph 

showing the force field? This example demonstrates how for non-conservative forces, the 

work done in getting from one point to another is not independent of the path taken.  

You Try It: Part I  

Try a different path in going from (0, 0) to (1, 1). Suppose you go from (0, 0) to (1, 0) and 

then to (1, 1), all along parallel and perpendicular lines. The following commands specify 

appropriate parameterizations. You can execute them for any two-dimensional force. Begin by 

entering any force you wish by replacing the terms in red.  

In[64]:=  

 

 

 
 

First, go from (0, 0) to (1, 0).  

In[66]:=  
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Next, go from (1, 0) to (1, 1).  

In[71]:=  

 

 

 

 

 
 

 

 

 

 

 

 

Out[72]=  

 
 

 

 

Add your results, and contrast them to what you would get with the paths used earlier. Do this 

for both conservative and non-conservative forces.  

In[77]:=  

 

 

Out[77]=  

 
 

Compute the work done along the line y = x.  
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In[78]:=  

 
 

 
 

 

 

 
 

 
 

 
 

 

 

 

 

 

 

 

 

Compute the work done along the curve y = . 

 

In[85]:=  
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Compute the work done along the curve y = . 

 

In[92]:=  

 

 

 

 

 

 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

Is the work done in going from (0, 0) to (1, 1)  the same for all the paths?  
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In[99]:=  

 
 

 
 

Out[99]//TableForm=  

Out[100]=  

 
 

Part II: Example in Three Dimensions  

Section 16.3, Exercise 30    

Given the force with components: { ,x z + z Cos(y),x y + Sin(y)}, find the work 

done in going from (1,0,1) to (1,π/2,0) by traveling along three different paths. The 

parametrizations for these paths are detailed below and the work is computed for each. The 

results from the three paths are then compared and visualized.  

In[101]:=  

 

 

 
 

� Verifying That the Force Is Conservative  

By computing and comparing the appropriate first partial derivatives, verify that the force 

defined is conservative.  

In[103]:=  

 

 

 
 

 

 

-1.1917848549326278`

-1.4774991406469131`

-0.9417848549326278`

-1.6917848549326278`
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Out[103]=  

 
 

Out[104]=  

 
 

Out[105]=  

 
 

Out[106]=  

 
 

Out[107]=  

 
 

Out[108]=  

 
 

Out[109]=  

 
 

Out[110]=  

 
 

Out[111]=  

 
 

� Writing the Parameterization and Computing the Work Integral for 16.3, 30 
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a  

Find the work done in traveling along the straight line from (1, 0, 1) to (1, π/2, 0), as specified 

in 13.30 a. Choose an appropriate parametrization. Write the position and velocity vector to 

assist in computing the work integral. When you set x, y, and z equal to particular functions of 

t, the force function will reflect that parametrization when it appears in the line integral.  

In[112]:=  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

� Writing Parametrizations and Computing Work Integrals for 16.3, 30 b  

Find the work done in the two straight line paths specified in part b. Choose appropriate 
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parametrizations. First, go from (1,0,1) to the origin.  

In[120]:=  

 

 

 

 

 

 

 

 

 
 

 
 

 
 

 

 

Out[123]=  

 
 

 

 

 

 

 

 

Go from the origin to (1, π/2, 0).  

In[128]:=  
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Out[131]=  

 
 

 

 

 

 

 

 

So the total work done for part b is as follows  

In[136]:=  

 

 

Out[136]=  

 
 

� Writing Parameterizations and Computing Work Integrals for 16.3, 30 c  

Find the work done for the two straight line paths plus the parabolic path specified in part c. 

Choose appropriate parametrizations. First, go from (1, 0, 1) to (1, 0, 0).  

In[137]:=  
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Now follow the x axis in going from (1,0, 0) to the origin.  

In[145]:=  
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Now follow a parabola from the origin to (1, π/2, 0).  

In[153]:=  

 

 

 
 

 
 

 
 

 

 

 
 

 
 

 

 

Out[156]=  
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So the total work done for part c is as follows.  

In[161]:=  

 
 

Out[161]=  

 
 

Was the work done along each path the same?  

In[162]:=  

 

 

Out[162]=  

 
 

� Visualizing the Force Field and Different Paths  

To visualize the force field and the 3-D curves, first load two packages.  

In[163]:=  

 

 

 
 

The purpose of the next set of commands is to add color to each different part - red to the part 

a curve, green to part b curves, and blue to part c curves. DO NOT EXECUTE THE 

FOLLOWING COMMANDS MORE THAN ONCE. If you do, the graphs below will not 

work unless you go back and re-execute all the cells that first defined the lists r1, r21, etc.  

In[165]:=  
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The following set of commands will plot the force field, together with the paths in red (part a), 

green (part b), and blue (part c).  

In[171]:=  
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You Try It: Part II  

Redefine your force in the previous example, and re-execute all the cells. Only the terms in 

red in the force function need to be changed. This time try a non-conservative force. You 

could begin by checking out the function given; we have followed the same paths as in Part II. 

Be careful to use correct terminolgy.  

In[180]:=  

 

 

� Is the Force Conservative or Not?  

In[181]:=  
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Out[187]=  

 
 

Out[188]=  

 
 

Out[189]=  

 
 

Are the corresponding partial derivatives equal to one another?  

� Writing the Parametrization and Computing the Work Integral for the path 
specified in 16.3, 30 a  

Find the work done in traveling along the straight line from (1, 0, 1) to (1, π/2, 0), as specified 

in part a). Choose an appropriate parametrization. Write the position and velocity vector to 

assist in computing the work integral. When you set x, y, and z equal to particular functions of 

t, the force function will reflect that parametrization when it appears in the line integral.  

In[190]:=  
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� Writing Parametrizations and Computing Work Integrals for the path 
specified in 16.3, 30  b  

Now find the work done in the two straight line paths specified in part b. Choose appropriate 

parametrizations. First we will go from (1, 0, 1) to the origin.  

In[198]:=  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Out[201]=  
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Next, go from the origin to (1, π/2, 0).  

In[206]:=  

 
 

 
 

 

 

 
 

 
 

 
 

 

 

 

 

Out[209]=  
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So the total work done for part b is as follows  

In[214]:=  

 
 

Out[214]=  

 
 

� Writing Parametrizations and Computing Work Integrals for the path 
specified in 16.3, 30 c  

Find the work done for the two straight line paths plus the parabolic path specified in part c. 

Choose appropriate parametrizations. First, go from (1, 0, 1) to (1, 0, 0).  

In[215]:=  
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Now follow the x axis in going from (1, 0, 0) to the origin.  

In[223]:=  

 
 

 
 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now follow a parabola from the origin to (1, π/2, 0).  

In[231]:=  
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Out[234]=  

 
 

 

 

 

 

 

 

So the total work done for partc is as follows  

In[239]:=  

 
 

Out[239]=  

 
 

Was the work done along each path the same?  

In[240]:=  

 
 

Out[240]=  
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� Visualizing the Force Field and Different Paths  

To visualize the force field and the 3-D curves, first load two packages.  

In[241]:=  

 
 

 
 

The purpose of the next set of commands is to add color to each different part - red to the part 

a curve, green to part b curves, and blue to part c curves. DO NOT EXECUTE THE 

FOLLOWING COMMANDS MORE THAN ONCE. If you do, the graphs below will not 

work unless you go back and re-execute all the cells that first defined the lists r1, r21, etc.  

In[243]:=  

 
 

 
 

 
 

 

 

 

 

 

 

The following set of commands will plot the force field, together with the paths in red (part a), 

green (part b), and blue (part c).  

In[249]:=  
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� About Mathematica  

The If statement used here is in standard programming format. If the statements in the first 

input is true, the second input is executed; if false, the third input is executed. 

Go back.  
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Created by Mathematica  (April 3, 2005)
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