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Modeling a Bungee Cord Jump: A Classroom
Experiment

Note: You may notice differences between this Maple worksheet and the equivalent Mathematica notebook. These differences
were introduced to preserve the content of these modules and were necessary because of major functional differences
between Maple and Mathematica.

Introduction: The Challenge

OBJECTIVE: Collect data for a bungee cord (or use data collected by Carroll College students);
build, test, and refine a model for a bungee jumper; and estimate the length of bungee cord
necessary to achieve a desired length of fall.

In a recent television commercial, a bungee jumper comes so close to the ground that he is able to
dip a corn chip he holds in his mouth into a bowl of salsa on the ground without bumping his
nose. To do such a jump successfully, the bungee jumper would have to do some serious
mathematical modeling, which we proposed to do with students at Carroll College. So, to present
the students with "The Bungee Cord Challenge", we acquired some bungee cord material
(approximately one-eighth inch in diameter), cut it into various lengths, and gave a piece to each
group of students. We also gave them a set of 0.2 kg masses and a metric tape measure. We now
present to you the challenge as it was made to students at Carroll College: given a fall distance,
how long should you cut the bungee cord so that a 0.2 kg mass, when dropped from that height,
would just "kiss" the floor?

Technology Guidelines

NOTE: If you have just finished a worksheet, restart Maple before executing a new worksheet.
TO OPEN SECTIONS,

Click on the PLUS sign at the left hand side of the screen or select Expand All Sections from
the View drop down menu.

TO STOP AN EXECUTION
Click on STOP button from the toolbar.

ORDER OF EXECUTION
Execute commands in the order given. Do not skip any Maple Input lines within a given

worksheet

Alternatively, you can execute the entire worksheet by selecting the Execute Worksheet
command from the Edit drop down menu.

SAVING WORKSHEETS.
You can save anytime to any directory you choose, and it is wise to save often.

EXPERIENCING MAJOR PROBLEMS
Save if appropriate, and then shut down Maple and start it up again.
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Part I: The Experiment

An important element in a complicated model like bungee cord jumping is the spring-like
behavior of the bungee cord. In order to characterize this behavior, we asked our students to
measure the unstretched length of their piece of cord and then hang 0.2 kg increments of mass
from the cord and measure its stretch in meters for each value of hanging mass. So that we could
introduce the length of the bungee cord as a variable parameter in the model, the students then
calculated the relative stretches for each mass increment, that is, the stretch divided by the
unstretched length of the cord. This gives the stretch per unit length of cord for a given mass.
Engineers call this relative stretch the strain, and it has units of meters/meter or inches/inch. (Can
you see why engineers might want to measure strain instead of stretch? Think about the vertical
hanging cables that support the Golden Gate Bridge deck.) We also converted the mass quantities

P
to forces in newtons, multiplying each mass value by 9.8 —2 . Since we "normalized" the
=

measure of the stretch by calculating the relative stretches (i.e., the strain), all of the groups got
similar results.

The following data set (borrowed from a group of students at Carroll College in Montana) is a list
of ordered pairs, in which the first value in each ordered pair is the strain or relative stretch of the
bungee cord in meters/meter, and the second value is the corresponding force in newtons.

> restart;
with(plots):

Warning, the name changecoords has been redefined

> data:=[[0,0],[0.0142,1.96],[0.0857,3.92],[0.2662,5.87],[0.4948,7.85]]:
matrix([[ strain(m/m)" , “force(N) ],op(data)]);

[ strain (i) force {?‘uﬂ_
0 0
0.0142 1.96
0.0857 392
02662 5.87
| 04348 FR:EI

> pl:=listplot(data, color=COLOR(RGB,0.996,0,0), style=point, labels=[ strain(m/m)’, force
"], labeldirections=fHORIZONTAL,VERTICAL],symbol=circle):
display(p1);

http://media.pearsoncmg.com/aw/aw_thomas_calculus_11/modules/maple_html/Ch6_bcj-... 8/19/2011



Cho6_bcj.html Page 3 of 14

Ei'_ a
B o
=4
E 47 u}
g7
Aa
0 01 02 03 04 05

strain{m/m)

Part I1: Designing a Model

There appears to be a trend that we can capture with a mathematical model, and now we try to
find a suitable one using the fit[leastsquares]( ) function. What does the function look like to
you? Does it look like a radical or log function? We will try a power function with several
different rational exponents, letting x represent the strain and y(x) the force corresponding to a
strain of x.

> unassign('y'):
with(stats):

> powerofx:=0.15:
temp:=[[seq(data[i,1],i=1..nops(data))],[seq(data[i,2],i=1..nops(data))]]:
fit[leastsquare[[x,y],y=a*x"powerofx, {a}]]([temp[1],temp[2]]);
assign(%);

Y= 6.076234308 5 1

Next, we plot our model function, save it as p2, and then show the plots of the data and the model
function together on the same graph.

> p2:=plot(y(x), x=0..0.6, color=COLOR(RGB,0,0,1), thickness=3,labels=["strain(m/m)", “for:
*], labeldirections=[ HORIZONTAL,VERTICAL]):
display(p2);
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> display(p1,p2);

0 01 02 03 04 05 0OF
strain{mdm)

Part III: Assessing the Errors

Note: This Part duplicates the discussion of residual errors and the "rms" measure of the error in
Part I1I of the module entitled, ''Modeling Change: Springs, Driving Safety, Radioactivity,
Trees, Fish, and Mammals." If you are already familiar with the concepts of residual error and
"rms" measure of the error, skip directly to "You Try It: Improving the Model."

Our model doesn't appear to be very good! Let's quantify just how good (or bad) it is. You
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guessed right; we should calculate the residual errors.
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> residuals:=[seq([data[i,1],-subs(x=datal[i,1],y)+data[i,2]],i=1..nops(data))]:
matrix([[ strain(m/m)’, residual(N)" ],op(residuals)]);

[ strain {#rfra )

0
0.0142
0.0857
02662
045343

residaliig) ]

0.
-1725227560
-0.905787364

0. 145917546

15725170477 |

We plot the residuals to see if the errors appear to be random or if there is a discernable pattern.

> plot(residuals, style=point, symbol=circle, labels=[ strain (m/m)", Residual (N)],
labeldirections=l HORIZONTAL,VERTICAL));

—
— i
L 1

o
i

Residual (M)

0.1

strain (mdm)

R 1

04 05

051

-1.51

The plot suggests that there is a pattern to the errors and that the model needs improvement.

To get a global measure of the error for all of the data points in the set, you might be inclined to
calculate the average (mean) all of the individual or local residuals, but this can be very

misleading.

> residavg:=sum('residuals[i,2

e
,l_

residavg = -0 1817159202

1..nops(residuals))/nops(residuals);
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As you can see, the mean residual error is small relative to the average size of the forces in the
data set. On this basis, we might be led to believe that our model isn't so bad after all. Wrong! The
problem is that the individual or local errors are actually sizable when compared to the measured
forces, but because some of them are positive and some are negative, they tend to cancel each
other when we add them together to calculate their mean value. Look at the values in the list of
residual errors, or look at the vertical differences between the data points and fit function on the
graph, and you can eaisly see that the average of the residual errors is misleading.

There is an infinite number of ways to address this canceling problem, but one of the most
common is to calculate the sum of the squares of the residuals and try to find the smallest or least
value of this sum of the squares of residuals. Hence, we have the term "least squares," which you
may have heard before. Squaring the residuals removes the canceling effect that occurs when we
add them together for a measure of the global error. The Maple fit[leastsquare]( ) function uses
least squares, and some variations of it, to find a best-fit function for a set of data. Finding the
minimum value for the sum of squared residuals is a problem that can be solved using calculus,
and you will study this problem later on, but for now you can do it by trial and error. Let's get
back to our bungee cord challenge. What we want to do now is calculate the sum of the squares of
the residuals for our data set.

> residsquaresum:=sum('residuals[i,2]*2', 'i'=1..nops(residuals));

resiclsguaresur = 6292147455
Before we compare this value, we calculate the mean of the squared residuals.

> msresiduals:=residsquaresum/nops(residuals);

msresiduals = 1. 258425452
Comparing the average of the squared residuals with the average of the force values in the data set
would be like comparing apples with oranges because msresiduals is an average of squares,
whereas the force average is not. To make a fair comparison, we take the square root of the mean
of the squares.

> rmsresiduals:=sqrt(msresiduals);

rmaresiduals = 1. 121757438

The value that we calculate in the preceding step is the root of the mean of the squares of the
residuals, oftentimes called the root-mean-square or "rms" value of the residuals.

You Try It: Improving the Model

Now we have a fair number to compare with the average of the measured force values. As we
initially expected, this comparison demonstrates that our model needs improvement. We will
leave that up to you, but, to help out, we group all of the commands that you need for the error
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analysis into the cell that follows. Use trial and error to find a better model function by changing
the value of the exponent powerofx to minimize the sum of the squared residuals, which will also
minimize the rms measure of the error.

(Before you proceed, we offer some comments about errors in modeling: in mathematical
modeling, you cannot completely eliminate errors. Random errors occur in measurements due to
the limited precision of all measuring instruments, and systematic errors, that is, errors that follow
a pattern, occur due to shortcomings of the model and/or possible defects in the measuring tools.
Systematic errors can often be reduced or eliminated by refining the model and by repairing
and/or calibrating the measuring equipment, but random errors are unavoidable. We can reduce
the magnitudes of random errors by using more precise instruments, but we cannot eliminate
them; the errors may be smaller, but they are always present. With this in mind, select a value for
n that minimizes residsquaresum, the sum of the squares of the residuals.)

> powerofx:=0.15:
unassign('y'):
temp:=[[seq(data[i,1],i=1..nops(data))],[seq(data[i,2],i=1..nops(data))]]:
fit[leastsquare[[x,y],y=a*x"powerofx, {a}]]([temp[1],temp[2]]):
assign(%):
print(' The model is’, y);
p2:=plot(y(x), x=0..0.6, color=COLOR(RGB,0,0,1), thickness=3, labels=["strain(m/m)", “for
D:
display(p2,p1);
residuals:=[seq([datali,1],-subs(x=datali,1],y)+data[i,2]],i=1..nops(data))]:
residsquaresum:=sum('residuals[i,2]*2', 'i'=1..nops(residuals)):
print(" The sum of the squares of the residuals is’, residsquaresum);

The model iz, 6 976234508 xD' 15
B' [=]
o .
= Z
o 4 1 o
2 ]
L 1=l
0 01 02 03 04 05 0OF

strain{rm/m)

The sum of the squarss of the residuals is, 6. 292147459
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Part IV: You Can't Push a Rope

We need to address one final item before we take the bungee cord challenge. You may have heard
the expression, "you can't push a rope." In the context of our bungee cord, this means that if the
stretch is negative (i.e., if we try to push on the ends of the bungee) the bungee simply folds, and
the force in it is 0. To accommodate this, we modify our model to say that if the stretch is
negative, the force is 0. Here's how we do it in Maple.

> unapply('bungeeforce’):
bungeeforce:=x->piecewise(x<0,0,x>=0,y(x));

bungegforce =x —plecewise(x <0, 0, 0=x %(x1)

Observe the graph of the force in the bungee cord for negative as well as positive values of x, the
strain in the bungee cord.

> plot(bungeeforce(x), x=-0.6..0.6, color=COLOR(RGB,0,0,1), thickness=3, labels=["strain(m
*, force(N)']);

6
5
4
.|
force(M) ]
2_
1.
06 04 02 02 04 0B

strain{mdm)
This model provides a nice, real-world example of a piecewise-defined function. The extended

piecewise-defined model is useful for solving the differential equation of motion to obtain a more
detailed description of the motion of the bungee jumper during the fall.

Part V: Using the Model

Chapter 6, Section 6, Exercise 25 Extension

We're ready to tackle the bungee cord challenge. We will use the Work-Energy Theorem, a
principle from physics, to calculate the fall distance for a given length of bungee cord. The Work-
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Energy Theorem states that when an object (in this case the 0.2 kg mass) moves through a
distance (the fall), the total work done on the object during the motion is equal to the difference in

the kinetic energy of the mass between the beginning and end of the fall. If ¥, . ; is the total

work done and K is the kinetic energy, then the Work-Energy Theorem says that from the

beginning to the end of the fall, ¥, . ,=4 X . (Exercise 25 in Section 4 of Chapter 5 (Section 5

of Chapter 5 in Early Transcendentals) asks you to derive this result using Newton's Second Law
of Motion and the Chain Rule.)

The kinetic energy of a mass is the energy that it has by virtue of its motion, and, is calculated by

Y

K= > , where m is the mass of the object and v is its speed. In our problem, the mass is

dropped from rest and, at the bottom of the fall, it comes to rest again but just for an instant before
the stretched bungee begins to pull it back up. Therefore, v = 0 at the beginning and at the end of

the fall, so the change in kinetic energy is 0, thatis, & £ = 0. Consequently, the total work done

on the mass during the fall must be 0, i.e., I-P} =0.

ol

The forces that do work during the fall are the weight of the mass, the pull of the bungee cord, and
friction forces due to air resistance and the rubbing together of the materials that make up the
bungee cord. We will ignore the friction forces and consider only the work done by the weight
force and the bungee force.

The work done by gravity is easy to calculate because the weight force is constant during the fall;

90 m
therefore, Wgr avity = fmgld = (0.2 kg) —2 d = 1.96 d (in Joules), where d is the fall

=
distance. Now we do it with Maple.

> workgravity:=0.2%9.8%d;
workgravity = 1.96

The work done by the bungee cord is negative because, during the fall, the force is in the direction
opposite the motion; that is, the bungee cord pulls up on the mass as it falls downward. We
d

s— L

calculate the work as follows: Wb ungee = bunges fc:'rce[ J s , where s is the distance

0

g— L
fallen, L is the unstretched length of the bungee cord, and T is the strain in the bungee (i.e.,

the stretch divided by the unstretched length).
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The bungee cord doesn't stretch until the distance fallen is greater than the unstretched length of
the bungee cord, that is until s > L. Since the bungee force is defined piecewise, we need to divide
the work integral into two parts. In the first part, when s < L, the bungee cord force is 0 and so the
work done is 0. In the second part, when s > L, the bungee cord force is given by our y

(x) function. We now use Maple to calculate this second integral.

> workbungee:=simplify(-int(subs(x=((s-L)/L),y),s=L..d));

2
1.(5—1.@}}

workbunges = 6 066290705 (L - 1. &) [— 7

We're almost done. Let's calculate the total work, set it equal to 0, and solve for L with d set equal
to 1 meter.

> totalwork:=workgravity+workbungee;

1.(L-1d)
totalwork = 1.96 &+ 6066280703 (L - 1. 40 | - f
> d:=1:
fsolve(totalwork, L=0.1);

06463213781

The answer seems like a reasonable one. The model says that if the fall distance is 1 meter, then
we should cut the bungee cord so that the part of the cord that stretches during the fall is 0.655
meters long. (This answer assumes that in the "You Try It" section above you improved the
bungee cord model to minimize the "rms" residuals.) Don't forget that you need a length cord in
addition to the calculated length to tie it to the mass and to the support.

Note also that to determine d, the fall distance, you have to be sure to take the distance from the
support to the floor and subtract the length of the mass. We want d to be the stretched length of
the cord when the mass just kisses the ground; therefore, the total distance from the support to the
floor will be d plus the length of the mass.

Part VI: Making Predictions

In this Part, we use the seq( ) command to build a set of ordered pairs, where the first element of
each ordered pair is the fall distance d, and the second element is the required bungee cord
length L, not including the tie ends and the length of the mass. To generate the values in each

ordered pair, we specify a value for d and then we solve the equation W, _, ., =0 for the

corresponding value of L. In the seq( ) command, we vary d from O to 10 meters in one-half meter
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increments.

> unassign('d'):
dversusL:=[seq([d, fsolve(totalwork, L=0.1)], d=seq(.5%i, i=0..20))]:
matrix([[ Fall(m)", "Length(m)" ],op(dversusL)]);

[ Fallpm)  Lengthim)
0. 0.

0.5  0.3231606890
1.0 0.6463213781
1.5 0.9694820671
2.0 1.292642756
25 1.615803445
3.0 1.938964134
3.5 2262124823
4.0 2585285512
4.5 2902446201
50  3.231606890
55  3.554767579
6.0  3.8779232683
65  4.201088957
7.0 4524249646
7.5 4.847410335
3.0 5170571024
25 5493731713
9.0  5.816392402
95 6140053092

10.0 6463213751

Let's plot them.
> p3:=listplot(dversusL, color=COLOR(RGB,0.996,0,0), labels=["'Fall(m)"," Cord Length (n

style=point):
display(p3);
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Cord Length {m) 2

It looks like a straight line through the origin, which is rather surprising. You know what to do
next.

> unassign('y','d','a'):
temp2:=[[seq(dversusL][i,1],i=1..nops(dversusL))],[seq(dversusL[i,2],i=1..nops(dversusL))]]
fit[leastsquare[[d,L],L=a*d, {a}]]([temp2[1],temp2[2]]);
assign(%);

L=064632137794
> p4:=plot(L(d), d=0..10, color=COLOR(RGB,0,0,1), thickness=2, labels=[""Fall(m)",'" Cord
Length (m) "]):

print(p4);
display(p3,p4);
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Cord Length {m)

Cord Length {m)
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Part VII: Testing the Results

The Carroll College stduents who tested the model, found that it worked extremely well. For
various fall distances, the cord was cut to just the right length so that the mass kissed the floor
when dropped. This provided a good validation of the model.

You Try It: Do Your Own Experiment
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Go to a sporting goods store and get some small bungee cord material (one-eighth inch in
diameter or so) and a small inexpensive metric tape measure. (In sporting goods, bungee cord is
sometimes called shock cord.) Then, go to your physics department and borrow some calibrated
masses. See if you can replicate this modeling exercise. The data you get will likely differ from
ours because your bungee cord material probably won't be the same. But, your results will be as
good.
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