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Convergence of Secant Slopes to the Derivative
Function

Note: You may notice differences between this Maple worksheet and the equivalent Mathematica notebook. These differences
were introduced to preserve the content of these modules and were necessary because of major functional differences

between Maple and Mathematica.

Introduction

OBJECTIVE: To visualize the secant line between successive points on a curve, observe what
happens as the distance between successive points becomes small, compare the graph of
successive secant line slopes with the graph of the derivative function, and apply the definition of
the derivative in computing it.

One of the central problems of calculus is measuring and quantifying slopes on the graphs of
nonlinear functions. In this module, you will explore two methods for approximating these slopes
and see how the approximations approach the derivative function in the limit.

The first method is to extract a sample of evenly spaced points from the graph of a function y = f
(x), calculate the slopes of the secant lines between the sample points, and graph the secant slope
values together with the derivative function f '(x). You will see that as the number of sample
points increases and the horizontal spacing between consecutive points decreases, the set of
discrete secant-slope values gets closer to the derivative function.

The second method for approximating the slopes on the graph of a function is to take every value
of x in the domain of the function y = f(x) and calculate the slope of the secant line between the
two points [x, f(x)] and [x+h, fix+h)] for a fixed nonzero value of A. This gives a new function of
x and A, namely, the function of secant slopes for any x in the domain of f. This secant-slope
function is plotted together with the derivative f '(x) . You will see that as the value of / gets closer
to 0, the secant slope function gets closer to f '(x). Finally, you will see how to use Maple to take
the limit of the secant-slope function as /4 approaches 0.

Before you begin this module, we recommend that you refer to "Tangents and Secants," a JAVA

applet included in this supplement. This applet allows you to explore how the slopes of secant
lines converge to the slope of the line tangent to a curve at a point.

Technology Guidelines

NOTE: If you have just finished a worksheet, restart Maple before executing a new worksheet.
TO OPEN SECTIONS,

Click on the PLUS sign at the left hand side of the screen or select Expand All Sections from
the View drop down menu.

TO STOP AN EXECUTION
Click on STOP button from the toolbar.

ORDER OF EXECUTION

http://media.pearsoncmg.com/aw/aw_thomas_calculus_11/modules/maple_html/Ch3_sec-... 8/19/2011



Ch3_sec.html Page 2 of 12

Execute commands in the order given. Do not skip any Maple Input lines within a given
worksheet

Alternatively, you can execute the entire worksheet by selecting the Execute Worksheet
command from the Edit drop down menu.

SAVING WORKSHEETS.

You can save anytime to any directory you choose, and it is wise to save often.
EXPERIENCING MAJOR PROBLEMS
Save if appropriate, and then shut down Maple and start it up again.

Part I: Secant Slopes from a Discrete Set of Sample of Points
Chapter 2, Section 7 and Chapter 3, Section 1

The function DerivApprox( ) extracts n evenly spaced sample points from a differentiable
function and calculates the slopes of the secant lines between consecutive pairs of sample points.
It then plots the function, the sample points, and the secant lines on one graph. A second graph is
plotted to show the slopes of the secant lines in comparison with the derivative of the function. As
the number of sample points increases, the secant slopes get closer to the derivative function.

Note: DerivApprox( ) was written specially for this worksheet and is not a built-in

Maple command. You should not worry about understanding the commands in the second of the
next two cells, that is, unless you are interested in doing so. These commands define the
DerivApprox( ) function, which is used in the remainder of this worksheet. All that you need to
do is execute the commands in the next two cells so that DerivApprox( ) will work.

> restart;

> DerivApprox := proc(f, var, n)
local xval, plist, slist, i, j, plotA, plotB, plotC, plotD, plotE, plotF;

plist := [];
for i from 0 to n-1 do
xval := evalf(op(1, rhs(var))+i/(n-1)*(op(2,rhs(var))-op(1,rhs(var))));
plist := [op(plist), [xval, subs(lhs(var)=xval, f)]];
od;
plotA := plots[pointplot](plist, style=LINE, color=RED):
plotB := plots[pointplot](plist, symbol=CIRCLE, color=BLUE):
plotC := plot(f, var, color=BLA CK):
print(plots[display]([plotA,plotB,plotC], title = "'y, sample points & secants''));
Iprint(" The derivative of °, f, " is °, diff(f, lhs(var)));
slist :=[];
for j from 0 to n-2 do
xval := evalf(op(1, rhs(var))+j/(n-1)*(op(2,rhs(var))-op(1,rhs(var))));

slist := [op(slist), [xval+0.000001*(op(2,rhs(var))-op(1,rhs(var))), (plist[j+2,2]
[j+1,2]/(plist[j+2,1]-plist[j+1,1])]];
od;
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plotE := plots[pointplot](slist, symbol=CIRCLE, color=RED):

plotF := plot(diff(f, lhs(var)), var, discont=true, color=BLA CK);

print(plots[display]([plotE,plotF], title= "y' and secant slopes''));
end:

The arguments of DerivApprox( f, x, a, b, n) are: f, the function you wish to analyze; x, the
independent variable; a, the beginning of the domain interval; b, the end of the domain interval;
and n, the number of evenly spaced sample points. The following example illustrates how
DerivApprox( ) works. All that you need to do is change the arguments.

> DerivApprox(x*sin(x), x=-2*Pi..2*Pi, 13);

v, sample points & secants

“The derivative of *, x*sin(x), ~ is ~, sin(Xx)+x*cos(X)
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y'and secant slopes
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You Try It: On Differentiable and Non-Differentiable
Functions

Chapter 2, Section 7 and Chapter 3, Section 1

1. Change the value of n [the last argument of DerivApprox( )] and describe what you see. To do

this systematically, you might want to repeatedly double the number of sample points. That is, let
n=06,12,24, 48,96, ....

2. Try DerivApprox( ) on some of differentiable functions that you pick. Be sure to use several
sample sizes so that you can see how the secant slopes function converges on the derivative. Here
is an example of a function that has a very interesting derivative. Do you see what makes this
function special?

> f:=x-> exp(x);
plot(f(x),x=-2..2,]Jabels=[""x","y"]);

x
Ff=x—e
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> DerivApprox(f(x), x=-2..2, 6);
v, sample points & secants
71

B

“The derivative of °, exp(x), ~ is *, exp(X)
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y'and secant slopes
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3. Try DerivApprox( ) on some functions that are not differentiable at one or more points. Here is
an example.

> fi=x->piecewise(x<=2, 2¥x, x>2, 4*x-x"2);
plot(f(x), x=0..4, labels=["X","Y"]);

F=x —pecewise(x =2, 2x, 2 -:x,4x—x2)

_4_

"r‘Q:

> DerivApprox(f(x), x=0..4, 6);
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y, sample points & secants
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“The derivative of °, piecewise(x <= 2,2*¥x,2 < x,4*x-x"2), " is °, piecewise(X < 2,2,x =
2,undefined,2 < x,4-2*X)

y'and secant slopes

4]

The DerivApprox( ) command gives us a formula for the derivative function that is printed
above. Is it correct in this case? To answer this question you should consider what happens at
x=2.

Part II: Secant Slopes at Every Point

Chapter 3, Section 1

Another approach to approximating the slopes on the graph of a function is to take every value of
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x in the domain of the function y = f{x) and calculate the slope of the secant line between the two
points [x, fix)] and [x + h, fix + h)] for a fixed nonzero value of 4. This gives a new function of
x and A, namely, the function of secant slopes for any x in the domain of f. We form this secant-
slopes function in the next section.

> restart;
f:=x->x*sin(x);
fprime:=diff(f(x),x);
msecant:=(f(x+h)-f(x))/h;
F=x = xanix)

Jprime =anix) +x cos{x)

(x+E)an(x+h)—xsm(x)
k

mEsrani =

Now, we graph the secant slopes for a specified /& value together with the derivative function.

> h:=1:
plot([msecant, fprime], x=-2%Pi..2*Pi, labels=["X","Y' & m[sec]"'], color=[red,blue], thicki
[1,2], discont=true);

The red curve gives the secant slope for each value of x, with =1, and the green curve gives the
value of the derivative, that is, the slope of the tangent to the graph of f(x) for each value of x.

You Try It: On Differentiable and Non-Differentiable
Functions
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Chapter 3, Section 1

1. See what happens to the two graphs in the preceding section when you decrease the value of 4.
Also, try some negative values of 4. To be systematic, you should repeatedly cut 4 in half. For
example, you could use & = -1, -0.5, -0.25, -0.125, ... for negative values of 4. Describe what you
observe.

2. Repeat the steps in Part II on some of differentiable functions that you pick. Be sure to decrease
values of 4 so that you can see how the secant-slopes function, msecant( ), converges on the
derivative function as & approaches 0. Here is an example.
> restart:

f:=x->sin(x);

fprime:=diff(f(x),x);

msecant:=(f(x+h)-f(x))/h;

F=x—2emix)

Jprime =cos(x)

stz + &) — sinix)

mREsCaRtl =
i
> h:=1:
plot([msecant, fprime], x=0..2%Pi, labels=["X","Y' & m[sec]'"'], color=[red, blue], thickness
[1,2]);
[y
Y & m[=ec] |:|_5—-
o7 g
0.5
4

3. Repeat the above steps on some functions that are not differentiable at one or more points. Here
is an example.

>
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f:=x->piecewise(x<=2, 2¥x, x>2, 4*x-x"2);
plot(f(x), x=0..4, labels=["X"", "Y"]);
fprime:=diff(f(x),x);
msecant:=(f(x+h)-f(x))/h;

F=x —pecewise(x =2, 2x, 2 -:x,4x—x2)

4
3_
"r‘Q:
1_
L 1 2 3 4
4
2 =2

Jorime =1 undgfined x=2
4—-2x 2<x

2x+2 x=1 2x =2
misecant =| | -1

4x+4—{x+1]2 0e-14+x 4x—x2 L

> h:=1;

> plot([msecant, fprime], x=-2%Pi..2*Pi, labels=[""'X","Y' & m[sec]"'], color=[red, blue], thick
[1,2], discont=true);
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2 i]

Y& m[sec)

Note that we make the msecant( ) graph a little thicker so that it is not hidden behind the graph of
the derivative function.

Maple's derivative command, diff( ), gives us a formula for the derivative function above. Is it
correct in this case? To answer this question, you should consider what happens at x = 2.

Part III: Taking It to the Limit

Chapter 3, Section 1
The slope of the tangent to the graph of y = f(x) for each value of x is given by
flx+A)—1flx) : . . o
P provided, of course, that the limit exists. This gives the derivative
=0

function f '(x). In the next group of commands, we use this definition to find the derivative of a
specific function.

First, we pick a function.

> restart:
f:=x->a*x"2+b*x+c;

2
Ff=x—ax " +bx+c
Next, we calculate the secant slopes, that is, the difference-quotient.

> simplify((f(x+h)-f(x))/h);

Zaxtahkt+h
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And we take the limit to form the derivative function.

> limit((f(x+h)-f(x))/h,h=0);

2ax+h

You Try It: Finding Derivatives Using the Definition
Chapter 3, Section 1

Repeat the steps in Part III to find the derivatives of several functions that you pick. Here are
some suggestions.

L fx)=fx

i
2. fx)=—7

x
3. fix)=sinix)}
4. fixi=Asniax)+Brcosfbx) where A, a, B, and b are constants.
5. ftx)=tan(x)

6. fix)=e"

(ax)

7. fixi=Ce where C and a are constants.

http://media.pearsoncmg.com/aw/aw_thomas_calculus_11/modules/maple_html/Ch3_sec-... 8/19/2011



